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1. INTRODUCTION 
In an earlier paper [ 11, the authors investigated, as a major component 
of their final result, a special case of the following question. 
Let R be a commutative ring with unity, G a finitely generated abelian 
group and A4 a finitely generated RG-module. Consider the tensor power 
@“, M as an RG-module via the diagonal action of G. Under what con- 
ditions is @“, M a finitely generated RG-module? 
The answer obtained in [ 1 ] was for the case when R is a field and used 
an invariant Z;M introduced by the first author and Strebel in [3]. We 
briefly describe CL. Firstly, if n is the torsion-free rank of G, we can iden- 
tify Hom(G, [w) with [w”. Defining two elements of Hom(G, Iw) to be 
equivalent if they differ by a positive real multiple, we obtain a natural pro- 
jection of Hom(G, [w)\(O) onto the sphere s” I. Denote the equivalence 
class of XE Hom(G, 1w) by [x] and define GcXI = G,= { ge G: x(g) 30). 
Then Z:, is the subset of S”- ’ consisting of all those [x] for which M is a 
finitely generated RG,-module and CL is the complement of C, in S”- ‘. 
We say that M is k-tame if there do not exist [x, I,..., [xk ] in Zh such that 
x1 + “. + xk = 0. Then the partial answer referred to above (Theorem 3.4 
of [l]) is 
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if R is a field, a”, M is a finitely generated RG-module if and 
only if CL is k-tame. 
It is the purpose of this paper to remove the restriction that R be a field. 
Some change in the invariant 2~ is also necessary, however, as the follow- 
ing example shows. Let G be the infinite cyclic group (x), R the ring of 
integers 2 and M the Z-module Z[ l/6]. Let G act on M by a. x = 2a/3 
(a E M). Then CL = So and so M is not k-tame for any k 3 2, whereas every 
tensor power of M is easily seen to be a finitely generated RG-module. 
The invariant we use in place of CL is very closely related to that 
introduced by the authors in [2], as well as being naturally related to CL. 
(We defer further discussion to Sect. 2.) 
In what follows, a valuation u of a ring R is meant in the sense of Bour- 
baki [S, VI.3.11. In particular, u need not satisfy t’ ~~ ‘(CC ) = {O}; if it does 
we refer to it as a field valuation. A discrete valuation is one for which the 
value group u(R)\{ } y 1’ co is c c ic and a trivial valuation one for which the 
value group is zero. 
DEFINITION. Suppose that R, G and M are as defined above and that 
A = RG/Ann,&M) is the algebra of endomophisms of M induced by RG. 
Let K: RG -+ A be the natural projection and let u: R + [w, be a real 
valuation of R. Then Ah(G) is the subset of Hom(G, Iw) consisting of all x 
for which there is a valuation u’: A -+ Iw, satisfying 
(Loosely speaking, w  restricts to u on R and to x on G.) 
Define a subset A of Hom(G, iw) to be k-tame if there do not exist 
x, ,..., xk E A, not all zero, with x, + ... + xk =O. (Although this is in the 
spirit of the previous definition, observe that A k-tame does not imply [A] 
k-tame.) The main result of this paper is the following. 
THEOREM. With R, G, and M as before, suppose also that R is 
Noetherian. Then the RG-module Q “, M (with diagonal G-action) is finitely 
generated if and only if Ah(G) is k-tame,for each real valuation u of R which 
is discrete and nonnegative on R. 
This generalises our earlier result, for when R is a field the only non- 
negative valuation on R is the trivial valuation 0 and d;(G) is a cone 
whose projection onto the sphere coincides with ,Eh. It also solves the 
problems posed by the example given earlier. For this example, Ah(G) is 
zero unless u is the 2-adic or 3-adic valuation of Z and is one-pointed in 
these two cases. 
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Finally, we fix some notation which will be used repeatedly in what 
follows. As in this Introduction, R will denote a commutative ring with 
unity, G a finitely generated abelian group and A4 a finitely generated 
RG-module. We will use A to denote the algebra RG/Ann,&M) of 
endomorphisms of M induced by RG and u to denote a real valuation of R. 
Unless otherwise indicated, all tensor products are assumed to be over R. 
2. THE INVARIANT A 
We begin with a brief comparison of the definition given here and that 
given in [2]. Let B be an RG-algebra; then A;(G) is defined in a similar 
way but all valuations w: B -+ IF!, are considered. Denote, temporarily, this 
latter invariant by a;;(G). Now B is also a RG-module and, if it is finitely 
generated as module, the two definitions coincide. Firstly, 
A = RG/Ann,,(B) embeds in B and so every valuation on B restricts to 
one on A. Thus a;;(G) c PA(G). Second, as B is assumed to be finitely 
generated it is integral over A. Let w  be a valuation on A. Then the prime 
ideal w-*(00) is covered by a prime ideal P of B (i.e., w-‘(co)=A~p) 
because B is an integral extension. Hence w  induces a valuation on A + P/P 
which extends to a valuation of B/P and so of B. Thus PA(G) E J;(G). 
Hence, 
A”,(G) = A;(G) = if>(G) = d”,(G) 
and the definitions coincide. (The definition of Ah(G) could evidently be 
extended to the case where M is not finitely generated; one of the reasons 
we have not done this is that the two definitions need no longer coincide in 
this way.) 
Having made these observations, Theorem 8.1 of [2] shows that 
-G = u CAL(G 
where the union is taken over all valuations a: R -+ [w, with u(R) 3 0, 
exhibiting the close link between the Ah and CL. 
The remainder of this section will be devoted to proving some elemen- 
tary properties of A”,(G). Note, first, that as for any valuation w  on RG we 
have that w  ~ ‘(co) is a prime ideal, then 
A:(G) = A:,,(G) = u A;,,;(G), (2.1) 
where J is the nil-radical of A and the union is taken over all minimal 
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prime ideals Pi of A. Second, if I and J are ideals of RG, then 
(In J)2 E IJE In J and so 
4,,,.,(G) = 4,,,,,(G) = 4,,,(G) u 4x,,,(G). (2.2) 
LEMMA 2.1. Let M, - M + M, be a short exact sequence of RG- 
modules. Then 
d”,(G) = d”,,(G) u d”,JG). 
Proof Observe that Ann(M,) Ann(M,) c Ann(M) c Ann(M,) n 
Ann(M,) and use (2.2). 
The remainder of this section will be devoted to showing that only 
relatively restricted classes of rings R need be considered. We do this in two 
stages, combining the results in Corollary 2.4. 
PROPOSITION 2.2, Let P be an ideal of R with u(P) = {co } and let v’ be 
the valuation induced on i? = R/P by v. Then 
Proof Because M is finitely generated, we have 
(Ann,-,(MQR))kEAnn..(M)@R&Ann,-,(MQR). 
Thus, denoting RG/AnnRG(M@ R) by A and using (2.1), we have 
A&,(G) = d%(G) = A&,(G). 
Thus, as d”,(G) = d;(G), it suffices to assume that M( = A) is cyclic. But 
now the result is straightforward (cf. 2.3 of [2]). 
If v - ‘(co) = {0}, then R is an integral domain; in this case, an overring 
of R is a subring of the field of quotients of R which contains R. 
PROPOSITION 2.3. Suppose that v is a field valuation and let V be an 
overring of R with v’ the valuation induced by v on V. Then 
AL(G) = A’& ,,(G). 
Proof Let A denote VG/Ann&M@ V); then there is clearly a natural 
map p: A + 2. As the kernel of the natural map M -+ M@ V is R-torsion, 
the kernel of p will also be R-torsion. But, as u ~ ‘(co) = (0 1, d&,,,,,(G) will 
then be empty and so, using Lemma 2.1, 
d>(G) = d”,(G) = d;,(G), 
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where A, denotes A/ker p. Now A, embeds in A and it is easily verified 
that Ail(G) = A;(G) = A$, Y(G), completing the proof. 
We now combine the most useful cases of Propositions 2.2 and 2.3 into a 
single corollary. We make the convention that the valuation ring of the 
trivial valuation of (an integral domain) R is the field of quotients of R. 
COROLLARY 2.4. Suppose that v is nonnegative on R, let P = v ‘( CQ ), let 
V be the valuation ring of the field valuation induced by v on R/P and let v’ 
be the valuation induced by v on V. Then 
Ah(G) =A&, JG). 
Proof Using Propositions 2.2 and 2.3 it suffices to observe that 
(MO R/P) BRIP V= MO V. 
3. PASSING TO QUOTIENTS OF A 
The core of the proof of the “addition theorem” in Section 4 is for the 
case of modules having finite R-rank. We now prove a result which will 
enable the reduction to this case. 
THEOREM 3.1. Suppose that R is the valuation ring of a discrete field 
valuation v and let 1 E A:(G) be a nonzero character of G such that the sub- 
group of [w generated by v(R\ { 0} ) and x(G) is also discrete. Then there is an 
integral domain RG-quotient A, of A with x E A>,(G) and such that the trans- 
cendence degree of A, over R is 1 (ifv=O) or 0 (zj”vf0). 
Proof Let p denote either a generator of the maximal ideal of R (if R is 
not a field) or 1 (if R is a field). Let H= G x (x)-where x is infinite 
cyclic-and, for any p-torsion-free quotient B of RG, denote 
B(x)/(x -p) B(x) by B*. Then B* is a cyclic RH-module and, as is easily 
verified, B embeds in B*. Let x’ denote the character of G defined by 
~‘1 G = x, x(x) = v(p); by our assumptions, x’ is still discrete. Also x E A;(G) 
if and only if X’E A;,(H) because B* = B[x-‘1. Finally, B* = B[ l/p] and 
so B and B* have the same transcendence degree over R. Thus it will suf- 
fice to prove the theorem with H replacing G or, to simplify notation, to 
assume that A has a relation g, =p for some g, E G. 
Let G,={g~G:~(g)30} and let G,={g~G:x(g)>o}. For any RG- 
quotient B of RG let B, denote the image of RG, and B, the image of RG, 
Then B, is a subring of B and B, an ideal of B,. We now claim that, if B is 
also an integral domain quotient of A, x E A;(G) if and only if B, < B,. 
For, if w is a valuation on B restricting to v and to x (so that x E A;(G)), 
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then w(B,) > 0 whereas B, contains, for example, the identity which has w- 
value zero. Conversely, if B, < B, then an argument very similar to that of 
Theorem 2.2 of [4] shows that there is a discrete valuation w  on B with 
“Ic=x and w(R)>O. Since also w(g,)=w(p), we have wI.=u and so 
x~d”,(G). 
As A is Noetherian, there is an integral domain quotient B of A minimal 
with respect to the property that x E d;(G); to simplify notation, we assume 
A = B. Note that A is then p-torsion-free. Thus A, < A, but, for every non- 
zero prime ideal J of A, (A/J), = (A/J),; that is, (A, nJ)+A, =A,. 
Observe, however, that A is A, [Cc ‘1 and so all prime ideals of A, which 
do not contain A, and so, do not intersect G, , are of the form A0 n J. Thus 
the following condition is satisfied by A,: 
if I is a nonzero prime ideal of A,, then either Ia A, or 
Z+A,=A,. 
We now show how this condition implies that A,, and so A, has the 
required transcendence degree. Let M be a maximal ideal of A, containing 
A 1 ; then no prime ideal I of A, lying in M can satisfy I+ A, = A, and so 
all these contain A,. Thus the localisation (AO)M is a Noetherian G-domain 
(see, e.g., Kaplansky [7, Sect. 1.31) and so, by Theorem 146 of [7], has 
Krull dimension 1; that is, M is also a minimal nonzero prime ideal of A. 
Let P denote the (unique) maximal ideal of R. Then, using the fact that 
g, = p, Mn R = P. If R is a field, then the transcendence degree of A is 
equal to its dimension (see, e.g., Theorem 31.16 of Gilmer [6]) and so is 1. 
Otherwise, M is minimal over PA and so we can apply Theorem 35.6 of 
Nagata [IS] to show that the transcendence degree of A is at most the 
transcendence degree of A/M over R/P. But AIM is a field which is finitely 
generated, as ring, over the subfield RIP and so is algebraic over R/P (for 
example, Corollary 3 1.6 of [6]). Thus A has transcendence degree 0 over 
R, completing the proof. 
4. THE ADDITION THEOREM 
Suppose that G= nfi=, G, is a direct product of groups Gi and that 
M = @f=, M, is a tensor product of finitely generated RG;modules M,; 
then M clearly inherits a natural structure as a @ “= , RG,( Z RG)-module. 
The aim of this section will be to describe Ah(G) in terms of the d”,,(G). If 
u = 0, and so d”,(G) can be effectively replaced by CL,, this is the content of 
Theorem 3.1 of [ 11; we will generalise this theorem, although not its proof. 
Let 7~~: G + Gi denote the natural projections and n:: Hom(G,, [w) -+ 
Hom(G, [w). 
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Suppose that x E Ah(G). Then there is a valuation w on A with WI R = u 
and w(~=x. Denote RG,/Ann.,,(Mi) by A,, by pi: RG,+ RG the natural 
embedding and by pi: Ai + A the induced map. If wi = w 0 pi and x, = wi 1 c,, 
then we have 
As w, is a valuation on Ai with wi 1 R = WI R = v, then X;E d”,<(G, ). Thus we 
have shown that 
d”,(G)s i n:(dh,(Gi)). 
r=l 
We begin our proof of the converse with a special case. 
PROPOSITION 4.1. Suppose that the following hold: 
(i) k=2; 
(ii) u#O; 
(iii) v is a discrete field valuation and R is the valuation ring of v; 
(iv) each Mi is a cyclic RG,-module; 
(v) each Mi has,finite R-rank. 
Then 
4,W)-X4,, CC,)) + ~:W,#U. 
Proof Given these assumptions and (2.1) there is clearly no loss in 
assuming that M, is of the form RG,/P,, where Pi is a prime ideal of RG, 
which intersects R trivially. As M, has finite R-rank, the field of fractions K, 
of Mi is then a finite extension of the field of fractions K of R. Let F be a 
finite Galois extension of K containing both K, and K,. 
Suppose that xi E dh, (Gi) (i = 1, 2). Then there exist valuations w, on Mj 
(=A;) with wjj,=vand wjI.,=xi. Also, as wJR=v, wi~‘(~)nR={O} 
and so, as Mi has finite rank over R, wi ‘(cc) = (0). Thus the w, induce 
valuations on Ki which, in turn, extend to valuations on F. For ease of 
notation we refer also to the latter valuations as wi. Since these are both 
extensions of v and F is a Galois extension of K, there is some K- 
automorphism IJ of F such that w1 og and w2 are equivalent valuations. 
(See, e.g., [6, Corollary 20.21.) But w, 0 cr / R = w2 I K = v and, as F is a finite 
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extension of K, the value groups of W, and w2 are finite extensions of the 
value group of u. Thus wI 0 (T and w2 are in fact equal. 
Recalling that M, and M, embed in F, we may define a map 
r:M=M,@M,+F by r(m,@m,)=m,a(m,). Then w=w,or is a 
valuation of M, Q M, which clearly satisfies w 1 R = v. Finally, 
Hence rcT(x,) + rr:(~~)~dh(G) and the inclusion of the proposition is 
proved. 
The major part of the work for the following theorem is now complete. 
THEOREM 4.2. [f v is u discrete valuation which is non-negative on R, 
then 
Ah(G) = i n;(A~<(G,)). 
,=I 
Proqf Clearly an inductive argument will enable us to assume that 
k = 2. Also, Corollary 2.4 and the observation that @:=, (M, @ V) E 
(0 C=, M;) @ V show that we may assume that R is the valuation ring of v. 
If v =O, then d”,(G) is a cone and so the theorem is equivalent to the 
corresponding theorem for the C invariant, which is proved as Theorem 3.1 
of [ 11. Thus we may assume v # 0. 
Suppose that 
is a short exact sequence of RG,-modules. Then, tensoring with M,, we 
obtain an exact sequence 
But T= Tor;K(M;, M,) is a torsion R-module (see, e.g., Theorem 8.19 of 
[9]) and so, as v’(co)= {0}, d;(G) IS empty. Hence, using Lemma 2.1, 
76 BIER1 AND GROVES 
Using this and a straightforward induction on the number of generators of 
M,, we may assume that M, is cyclic; similarly we may assume that M, is 
cyclic. 
By Theorem 6.2 of [2], the characters xi of dh,(G,) for which (xi(Gi), 
v(R\{O}) is d’ iscrete, form a dense subset of db,(G, ). Since Ah(G) is 
closed, it will therefore suffice to prove that x:(x,) + n;(xz) E Ah(G) only 
for characters xi satisfying this condition. The conditions of Theorem 3.1 
are now satisfied and so there are quotients M;. of Mi, with finite R-rank, 
such that x, E Ahi( For these modules M,, the conditions of 
Proposition 4.1 are satisfied and so $(x,) + $(x2) E AbCoMi(G). As 
M;@M; is clearly a quotient of M, 0 M,, we deduce that 
I + 6(xJ E 4,(G) and so complete the proof that 
$(A;,(G,)) + n:(Ah2(G2)) c d”,(G). Since the reverse inclusion was 
proved at the beginning of the section, the proof of the theorem is com- 
plete. 
5. PROOF OF THE THEOREM 
We begin with a result which is very similar to Lemma 5.7 of [2]. The 
variation we make on that result appears, however, to require a substan- 
tially different proof. 
Let H be a subgroup of G and let res,: Hom(G, [w) + Hom(H, Iw) 
denote the mapping of character groups induced by the inclusion of 
groups. 
LEMMA 5.1. If R is Noetherian, then M is ,finitely generated as RH- 
module if and only lf 
Ah(G)nres- ‘(0)~ (0) 
for all discrete valuations v which are nonnegative on R. 
ProoJ Note that M is a finitely generated RH-module if and only if A 
is, and, in turn, A is a finitely generated RH-module if and only if every 
integral domain quotient of A is. Thus, using (2.1), we assume that M = A 
is an integral domain. Now observe that a valuation on M is nonnegative 
on R and zero on G if and only if it is nonnegative on M. Denoting 
1. RHG M by N, a similar comment holds for N and so 
d&(G)nress’(O)c {0} if and only if every valuation nonnegative on N 
and restricting to v extends to one which is nonnegative on M. 
If M is a finitely generated RH-module, then it is integral over N and so 
the latter condition certainly holds for all u which are nonnegative on R. 
Conversely, if M is not a finitely generated RH-module then, as it is cer- 
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tainly a finitely generated RH-algebra, it is not integral over N. Hence A4 
does not lie in the integral closure N* of N in the field of quotients of M. 
But N is Noetherian and so N* is a Krull domain (Theorem 33.10 of [S]). 
Thus N* is the intersection of discrete valuation rings, one of which does 
not contain M. The corresponding valuation is then non-negative on N but 
not on M, completing the proof. 
We now have all the necessary tools for the proof of our major theorem. 
THEOREM 5.2. Let R be a commutative ring with unity, G a finitely 
generated abelian group and M a finitely generated RG-module. Then the 
tensor power @“, A4 is a finitely generated RG-module (under the diagonal 
action of G) if and only if A”,(G) is k-tame for all discrete valuations v on R 
with v(R) 3 0. 
ProofI Denote by d: G + Gk the diagonal embedding of G into its kth 
direct power. Now ok A4 is always a finitely generated RGk-module and 
will be a finitely generated RG-module precisely when it is a finitely 
generated Ra(G)-module. Thus, using Lemma 5.1, we have 
0” A4 is a finitely generated RG-module if and only if 
A’&kM(Gk) n res,;d(O) c {0} for all discrete and nonnegative 
valuations v on R. 
Now we can further apply the addition theorem (4.2) to observe that 
A&(Gk) = i 7cT(A&(G)). 
,=I 
Hence A&,(Gk)nres&‘(0)e {0} ‘f I and only if there does not exist 
{xl ,..., Xk } E Ah(G) with the x, not all zero and Ck= l X:(X,) E res<;d(O); 
that is with x1 + . + xk = 0. Thus A ‘&k,(Gk) n res,;&‘(O) c (0) if and only 
if A4 is k-tame. The proof is complete. 
No/e added in proof: Since this paper was written, it has been drawn to our attention by 
Hans Aberg that there is an alternative method of proving the central “addition 
theorem”-Theorem 4.2. His method includes the case where ~1 = 0, which is the content of 
Theorem 3.1 of [l] and is not included in the proofs here. 
Using standard methods of commutative algebra, similar to those used here, he first obser- 
ves that the theorem may be reduced to the following. 
Let G = G, x G2 be a multiplicative subgroup of a field K. Let k be a subfield of 
K and u a valuation of k. Suppose that K= k(G) and that the join of an 
algebraically independent subset of k(G, ) and an algebraically independent sub- 
set of k(G,) is algebraically independent in K. Let xz be a character of G, which 
can be extended to a valuation L’, of k(G,) agreeing with v on k. Then there is a 
valuation w on K which agrees with c’ on k and extends both x, and xz. 
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We give a brief sketch of the proof of this statement. By Theorem 6.1 of [2], we may 
assume that there are subgroups Hi of G, such that, if L, denotes k(Hi), then 
(a) L, is algebraic over k(G,), 
(b) Li is a purely transcendental extension of k with a transcendence basis lying in H,, 
(c) the valuation u, is defined on L, by the formula 
u,(C a, h,) = min (da,) + (h,)) (where a E k and h E H). 
Then L,L, is a purely transcendental extension of L, and k(G, ) is an algebraic extension of 
L,. Thus k(G,)L, is a purely transcendental extension of k(G, ). Hence we can define an 
extension of u, to k(G, ) L, by a minimum formula similar to that given above. Similarly we 
can define an extension of v2 to k(G,) L,. It is easily checked that these valuations agree on 
the common subfield L,L2 (where they are defined in terms of the character values and the 
minimum formula only). But K is now a finite extension of L, L, and so the methods of Sec- 
tion 4 can be applied to complete the proof. 
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